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	 !!  $!!
		!  	 !! 	 	 	 	 		  !!	
KK  	
   	 	 			  
  	   S ∈ qNp   (qp)	







 	  K0(J)
  	 
  	 [S] ∈ K0(N, N/J) 	 	   	
[S] = [p, q, u] = [p − u∗u, q − uu∗, 0] + [u∗u, uu∗, u]
 	 K (u∗u, uu∗, u)  	  		
[S] = [p − u∗u, q − uu∗, 0]
 
 p − u∗u = N(S) ∩ p 	 q − uu∗ = N(S∗) ∩ q 	  J  	  
 −1[S] = [p − u∗u] − [q − uu∗] = q p(S)
	  

    S0 ∈ qNp 	 S1 ∈ qNp  (qp)	
   
 

   
  (qp)	
   S0 	 S1 

(q )(S0) = (q )(S1)
  t 
→ St ∈ qNp    
	  S0 	 S1  
 
	 t 
→ π(St)π(S∗t St)−1/2 ∈ π(q)N/Jπ(p) !     π(p)N/Jπ(p) 
  	 
	 t 
→ vt ∈ qN/Jp  	 (p, q, vt) 	 	 K  	 t ∈ [0, 1] "# 
	 4.3.13$  u0 ∈ qNp 	 u1 ∈ qNp 	  
	  S0 	 S1 
 
π(u0) = π(v0) 	 π(u1) = π(v1)  ! 	  
[S0] = [p, q, u0] = [p, q, v0] = [p, q, v1] = [p, q, u1] = [S1]






    S ∈ qNp   (qp)	
  	  T ∈ rNq   (rq)
	
  
 TS   (rp)	
  	
(r q)(T ) + (q p)(S) = (r p)(TS)
  v ∈ rNq u ∈ qNp 	 w ∈ rNp   
	  T  S 	 TS 
 &
 		
π(w) = π(TS)π(S∗T ∗TS)−1/2
= π(T )π(SS∗T ∗T )−1/2π(S)
= π(T )π(T ∗T )−1/2π(S)π(S∗S)−1/2
= π(vu)
!    [p, r, vu] = [p, r, w]  K0(N, N/J)





	 [T ]  [S]  K0(N, N/J) 	 	
[T ] + [S] = [q, r, v] + [p, q, u] = [p, r, vu] = [p, r, w] = [TS]
		 	 	
 	   	 	  K0(N, N/J)
    

	 
(r q)(T ) + (q p)(S) = 





	 N 	  		  	 	 		   	  		 

	 τ  	 KN 	 	 τ !

 	  		  "	 #$ % &	
 
KN 	 	 
	  		 #' % 	  τ∗ : K0(KN) → R 
		 #(  	  		   	
 	  	  	  	 
)		!*	 	 +, ' # - . $/ $$ ,, ,0 ,(1




 2 	  	 	 	 	  *	!
 	  3	!
	 pNq +$$1 	  	 	
 4   
	 
 	    	!& 	  	
  	  p!q!*	 
	 
	 p = q = 1 	 	 	 
	
	     T ∈ N 	
 
	   J!*	 	 π(T ) 	
 		 	 N/J  

  J 
 	





   Fsa
	 χ : R → R 	 	 
 
  	 	 [0,∞) 		 
χ(t) =
{
1 t ∈ [0,∞)
0 t ∈ (−∞, 0)
	  	   	  +, 	 4.31  	 		 
	  
 
3	 		   	  	 	 		 
	 
		 		 5	 	 	 		
   
			














	 0 /∈  (π(T ))  	 
   ε > 0 
 
	 	 [−ε, ε]  
	  	 		 	  π(T )  		 	 
 





0 t ∈ (−∞,−ε]
ε−1t + 1 t ∈ [−ε, 0]
1 t ∈ [0,∞)




0 t ∈ (−∞, 0]
ε−1t t ∈ [0, ε]
1 t ∈ [ε,∞)
KK  	
   	 	 			  
























     t 
→ Bt   	 







    C∗ N/J 
 	  	 	 		  		 	  	 	  C∗	
 	 	 
 	  	 		   	     				 	 	  

     A   C∗   U      R   Asa  

   	   
  	 A   
{a ∈ Asa |  (a) ⊆ U }
   Asa
 	 a ∈ Asa   (a) ⊆ U 
 	  (·, U c) : C → [0,∞[ 		 
(λ, U c) = inf{|λ − μ| |μ ∈ U c}
  λ ∈ C  
       	  	  (a)
  		










inf{|λ − μ| | λ ∈  (a), μ ∈ U c}
2
> 0
! 	 b ∈ Asa  ‖b− a‖ < ε2  	    		 	  λ ∈  (b)

Bε(λ) ∩  (a) = ∅
"		 Bε(λ) 		 	    ε > 0  		 λ
 	 μ ∈ Bε/4(λ)
 	 μ /∈  (a)

‖(μ − a)−1‖−1 = sup{|μ − α|−1 |α ∈  (a)}−1 = (μ,  (a)) ≥ 3ε
4
 		





≤ ‖(μ − a)−1‖−1
  λ − b   		     		 #$% & 17.3'
 "		 
λ ∈  (b) 	  	
Bε(λ) ∩  (a) = ∅
(		  	  	 ε  	 	 	   (b) ⊆ U 
   (b) ⊆ U  
b ∈ Asa  ‖b − a‖ < ε/2 
   		  	 t0 ∈ [0, 1]
 )	  ε > 0   	 	 [−ε, ε]  	





) ⊆ (−∞,−ε) ∪ (ε,∞)
( 	 *
+  	   t 




) ⊆ (−∞,−ε) ∪ (ε,∞)
















		 f  	 	      	 
	   f1   





 	   




		   
 	   		 	       K0(J)
  	
 	  	   t 
→ Bt   	 
   Fsa   		 
 
t 
→ π(χ(Bt)) = χ(π(Bt))
 	 
    0 = t0 < t1 < . . . < tn = 1 
 
‖π(χ(Bt)) − π(χ(Bs))‖ < 1/2   t, s ∈ [ti−1, ti]





(1 − pi) ∩ pi−1
] − [(1 − pi−1) ∩ pi] ∈ K0(J)
!
 	 	 		 "	 

 	  	  
	  # 	
$ %	 
	 			 pipi−1 ∈ piNpi−1 (pi&pi−1)&'	
 	    i ∈ {1, . . . , n} (
 ) 









	 	     {Bt} 	"  
	 	     {Ct}   Bt − Ct ∈ J   
t ∈ [0, 1] (
 		   p, q ∈ N   
 
  ‖π(p) − π(q)‖ < 1 
qp ∈ qNp   (qp)	     		  !  " (1 − q) ∩ p ∈ J 
(1 − p) ∩ q ∈ J 
# !
	 	"
‖π(pqp) − π(p)‖ ≤ ‖π(p) − π(q)‖ < 1

 
 π(pqp)  		  π(pNp)+  





‖π(qpq) − π(q)‖ ≤ ‖π(q) − π(q)‖ < 1

 
 π(qpq)  		  π(qNq)+  
		   	 R ∈ qNq 
 
 π(qpqR) =
π(q) )   
 qp   (q&p)&'	
 	 
 		    {Bt}  Fsa    0 = t0 < t1 < . . . < tn = 1 
 
‖π(χ(Bt)) − π(χ(Bs))‖ < 1/2   t, s ∈ [ti−1, ti]
KK  	
   	 	 			  
   i ∈ {1, . . . , n}  	 





 pi = χ(Bti)    i ∈ {0, . . . , n}       
 {Bt} = (pn p0)(pn . . . p0) = [N(pn . . . p0) ∩ p0] − [N(p0 . . . pn) ∩ pn]
     p, q, r   	 	 N 
‖π(p) − π(q)‖ < 1/2 , ‖π(q) − π(r)‖ < 1/2 	 ‖π(r) − π(p)‖ < 1/2
	
(r q)(rq) + (q p)(qp) = (r p)(rp)







(r q)(rq) + (q p)(qp) − (r p)(rp) = 0










‖π(rqpr) − π(r)‖ ≤ ‖π(qp) − π(r)‖
≤ ‖π(qp) − π(q)‖ + ‖π(q) − π(r)‖
≤ ‖π(p) − π(q)‖ + ‖π(q) − π(r)‖
< 1

 t ∈ [0, 1] 





(1 − t)rqpr + tr)   






→ (1 − t)rqpr + tr   
  






      
  #  $ 
0 = (r r)(r) = (r r)(rqpr)
	    
   % &' " {Bt} 	 {Ct}       	 J#  "
H : [0, 1] × [0, 1] → Fsa    			 {Bt} 	 {Ct} 	  		  

  H  			  H(t, 0) = Bt$ H(t, 1) = Ct    t ∈ [0, 1] 	 H(0, s) = B0$
H(1, s) = B1    s ∈ [0, 1] %	  B0 = C0 	 B1 = C1 	  {Bt} =  {Ct}




     ζ : [0, 1] × [0, 1] → N/J 	 







 		 	  	 		   	   
0 = t0 < t1 . . . < tn = 1 , 0 = s0 < s1 . . . < sn = 1
 [0, 1]× [0, 1]    	 (t, s), (u, v) ∈ [ti−1, ti]× [sj−1, sj ]   ‖ζ(t, s)−ζ(u, v)‖ < 12
 i, j ∈ {1, . . . , n}  
      	  
        i, j ∈ {1, . . . , n}
     	 J !  ! 		  
u 
→ H((1 − u)ti−1 + uti, sj−1)





(ti−1, sj−1), (ti, sj−1)
)


























(ti, sj−1), (ti−1, sj−1)
)
#	 	  
	 	    
  	
 	
  p, q ∈ N 
  
	  ‖p − q‖ < 1 











 	  
  1 − p + pqp 	 

  N  
 

‖p − pqp‖ ≤ ‖p − q‖ < 1





(1 − p + pqp)x = 0
 1 − p + pqp 	 

 	 x = 0 


 &(q) ∩ '(p) = 0  
 
&(p) ∩ '(q) = 0 	 

 p  q
 		  
 {Bt}  {Ct} 
  	  	
  J!
 
	  Bt −
Ct ∈ J   t ∈ [0, 1] 
'	(p0 q0)(p0q0) = '	(q1 p1)(q1p1) = 0


 p0 = χ(B0) p1 = χ(B1) q0 = χ(C0)  q1 = χ(C1) 
 {Bt} = {Ct} 

 ($))* 	 
   	

‖χ(B0) − χ(C0)‖ < 1  ‖χ(C1) − χ(B1)‖ < 1
KK  	





    	
	
 0 = t0 < t1 < . . . < tn = 1  		
‖π(χ(Bt)) − π(χ(Bs))‖ < 1
4

‖π(χ(Ct)) − π(χ(Cs))‖ < 1
4
  t, s ∈ [ti−1, ti] i ∈ {1, . . . , n}
 
 	 	 Bti  Cti   	
	 
   i ∈ {0, . . . , n} 	  (BC)i
 	
	 
  Cti 	 Bti 
 	  (CB)i
	
 		 	 
  	  
	 J 	 
π
(
(1 − t)Bti + tCti
)
= π(Bti)
  t ∈ [0, 1]  i ∈ {1, . . . , n}
 	  
	






   !
 	 	 	   	 
 (BC)0  (BC)1 
    	
 
  	  
	
 	  
 	   " #$ 	  	 


  sf{Bt} = sf{Ct} 




   &  	 	
 (A, H,D)   (N, J)   
   ∗  A       N      
H      ! ! J !  !"  D #!  N  
'() [D, a]  !$!  %(D) ! &!    !!   H   a ∈ A

'%) a(λ −D)−1 ∈ J   λ /∈ R ! a ∈ A

' J   !    
	     N   A

* (A, H,D) 
  
	 J	 	
   	 	 	 	  	 
	 
 N
FD := D(1 + D2)−1/2.
"	 t 
→ At   	  
	 	 
 N  + 
 	 	
t 
→ Dt := D + At

  	
 	   
	 J 	 
 	  		 	 	
t 
→ FDt = Dt(1 + D2t )−
1
2




    	 

 	   	 J 	   	  

    t ∈ [0, 1]  	 	 	   	 	 
	 
x 
→ x(1 + x2)−1/2.
   	  	    	 
 	  J
 	 
 	 	 t, s ∈ [0, 1]         	 !
‖FDt − FDs‖ = ‖Dt(1 + D2t )−
1
2 −Ds(1 + D2s)−
1
2‖ ≤ ‖At − As‖
 " 	 
 	
  	 J 	 t ∈ [0, 1]   # 2.7  		  0 < ε < 1/4 

FDt − FD0 = Bε(1 + D20)−(1/2−ε)
 Bε ∈ N  ‖Bε‖ ≤ C(ε)‖At − A0‖  ε = 1/4  "	
FDt − FD0 = B1/4(1 + D20)−1/4.






x2 + 4  
(1 + D20)−1 ≤ f(‖A0‖)(1 + D2)−1 ∈ J,
  f(‖A0‖)   
(1 + D20)−1/4 ≤ f(‖A0‖)1/4(1 + D2)−1/4 ∈ J.
  B1/4     N  

π(FD0) = π(FDt).
	 	   t ∈ [0, 1]
π(FDt)π(FDt) = π
(D2t (1 + D2t )−1) = π((1 + D2t )(1 + D2t )−1) = π(1)
 π(FDt)    	    t ∈ [0, 1]
  	   
 	 ! 	 &  






 	 )	   {At}t∈[0,1]   	 
   
   N   (A, H,D)   	 
    (N, J) 

    
     J	  t 
→ D+At
   
{Dt} := {FDt}
 	
	   {At}t∈[0,1]   	 
      N  
(A, H,D)   	 
    (N, J)  
p1 = χ(FD+A1)  p0 = χ(FD+A0).
 
     t 
→ D + At       D + A0  D + A1
   

{Dt} = {FDt} = [(1 − p1) ∩ p0] − [(1 − p0) ∩ p1]
= *(p1 p0)(p1p0) ∈ K0(J).
KK  	
   	 	 			  
    
‖π(χ(FDt)) − π(χ(FDs))‖ = ‖χ(π(FDt)) − χ(π(FDs))‖ = 0
	
  s, t ∈ [0, 1]   
	{Dt} = 	{FDt} =
[
(1 − p1) ∩ p0
] − [(1 − p0) ∩ p1]

  	
      
        
   	
   
      	
     
 
 (A, H,D) 
  (N, J)
 J σ   
  
  (MA, FD) ∈ E(A, J) 
 MA :
A → L(J)  	     A  pF = FD+12     
[MA, pF ]1 ∈ KK1(A, J) !     	
  
 u ∈ A   

 	
 D  u∗Du      
 
 [u]⊗̂A[MA, pF ]1 
  " 	
 
   
	
   "
#  	 




  (N, J) %   
  J  σ
&  J     
 
  '
 J  (   


 〈x, y〉 = x∗y    	 J 	
  
      % A 

 
 	 A  

  N   FD ∈ N     FD ∈ L(J)   
 
 ∗
 MA : A → L(J)    	 
    a ∈ A 	
 	 [FD, a] a(1−F 2D)  a(FD −F ∗D)   	
 
  J  
 	
  (MA, FD)    AJ
  !  
   FD = F ∗D $ a ∈ A )  J
aF 2D = a
(D2(1 + D2)−1) ∼ a(D2(1 + D2)−1 + (1 + D2)−1) = a
% a(F 2D − 1) ∈ J 	
  a ∈ A
$ a, b ∈ A ! 
[FD, a]b = D
[
(1 + D2)−1/2, a]b + [D, a](1 + D2)−1/2b
* [D, a] ∈ N   +#, 456-  
[D, a](1 + D2)−1/2b ∈ J
&      
D[(1 + D2)−1/2, a]b ∈ J
     
 	
 +., 8-




λ−1/2(1 + D2 + λ)−1 dλ.













      	 
D[(1 + D2)−1/2, a]b.
	     	
D[R(λ), a]b = DR(λ)[a,D2]R(λ)b
= DR(λ)[a,D]DR(λ)b + DR(λ)D[a,D]R(λ)b.
 	        	  		 	
  
   	        
 !" ‖R(λ)‖ = ‖(1 + D2 + λ)−1‖ ≤ 1
1+λ




 $" ‖D2R(λ)‖ = ‖D2(1 + D2 + λ)−1‖ ≤ 1

























  	  
     	
D[R(λ), a]b = DR(λ)ab − [D, a]R(λ)b − aDR(λ)b
= DR(λ)1/2R(λ)1/2ab − [D, a]R(λ)b − aDR(λ)1/2R(λ)1/2b ∈ J
 		 λ ∈ [0,∞)  		     J    	 
D[(1 + D2)−1/2, a]b ∈ J
   [FD, a]b ∈ J  		 a, b ∈ A % &  	 [FD, a]b ∈ J  		 a, b ∈ A =
A 
        	 	     ' %( 
) *	   !  	   +
 	     
,#   	 
 K1(A)   
       
	 -   		  '  (A, H,D)   	 
 .
	 	 	
  (N, J) / u ∈ A      
t 
→ Dt := (1 − t)D + tu∗Du = D + t[u∗,D]u
  t 
→ t[u∗,D]u      	( 	  N     		
 	 -    Dt 
   Dt 
→ FDt
KK  	
   	 	 			  
     (A, H,D)   	 
  	 	 	
  (N, J) 
p = χ(FD)  	 u ∈ A    
 up − pu ∈ J 
   	
  FD 
FD = (2p − 1)|FD|.
  	  FD     
π(FD) = π(2p − 1)π(|FD|) = π(2p − 1)π(F 2D)1/2 = π(2p − 1).
  
2[u, p] − [u, FD] = [u, (2p − 1) − FD] ∈ J.
 	    [u, FD] ∈ J  [u, p] ∈ J  	 
  	   (A, H,D)   	 
  	 	 	
  (N, J)
 u ∈ A       t 
→ Dt  
  

{Dt} = {FDt} = ∂
[
π(pup) + π(1 − p)]
= (p p)(pup)
 p = χ(FD)     	   D  u∗Du 		    (D, u∗Du)
 	 	  
{FDt} =
[







x ∈ "(u∗pu) ∩ 	(p) ⇔ (px = x  pux = 0) ⇔ x ∈ "(pup) ∩ 	(p)

x ∈ "(p) ∩ 	(u∗pu) ⇔ (px = 0  ux = pux)
⇔ (pu∗pux = 0  ux = pux) ⇔ ux ∈ "(pu∗p) ∩ 	(p).
#




(1 − p) ∩ u∗pu)u∗ = N(pu∗p) ∩ p




N(pup) ∩ p] − [N(pu∗p) ∩ p] = ∂[π(pup) + π(1 − p)]
&	  π(pup) + π(1 − p)  #  N/J  pu − up ∈ J  






(D, u∗Du) = ∂[π(pF upF + 1 − pF )]
   
  $		 %    π(2p − 1) = π(FD)  π(p) = π(pF )  
   





       
 	
   	 	 	 
	
 D  u∗Du  	




∂ : K1(N/J) → K0(J)
∂J⊗K : K1
(C(J ⊗K)) → K0(J ⊗K) 
∂J : K1
(C(J)) → K0(J)
  	  C∗	 B C(B)    ! 	 L(B)/B "!  
 # 

π : N → N/J πJ⊗K : L(J ⊗K) → C(J ⊗K)  πJ : L(J) → C(J)
  	   	  
  	 J  σ
	 	
 	  C∗		 A = A
 		 
  [D] = [MA, pF ]1  	 
 KK1(A, J)   		 
(MA, FD) ∈ E(A, J) 
 
   	 	 pF = FD+12 
 u ∈ A  
	 	
 
  [u]  	 
 K1(A) 
  	  

(D, u∗Du) = ∂[π(pF upF + 1 − pF )] = [u]⊗̂A[D]
   	  $   
	
 K1(A) ∼= K1(A ⊗K)  KK1(A, J) ∼=
KK1(A ⊗K, J ⊗K) %      
[u ⊗ e11 + e]  [MA⊗K, pF ⊗ 1]1
 K1(A⊗K)  KK1(A⊗K, J ⊗K) 	 	 e11   

 	&  K 
e = 1 − 1 ⊗ e11 ' ()*  		 7.1.9+  (,  		 17.8.8+     	
 -. 

















(pFupF + 1 − pF ) ⊗ e11 + e
)]
 K0(J ⊗K) /  πJ(p2F − pF ) = 0  [MA, pF ]1 ∈ KK1(A, J)  A  
0   	  
 ∂J [πJ (pFupF + 1 − pF )] ∈ K0(J) 	  
	
 
K0(J) 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 
τ∗
(
[x + λId] − [y + μId]) = τn(x) − τn(y)
  
  
 x + λId, y + μId ∈ Mn(F+N )  [λ] = [μ]  K0(C) 	 
τn = τ ⊗       
 FN ⊗ Mn(C) = Mn(FN)      
  Mn(C)
  τ̂ : F+N → R  τ̂ (x + λId) = τ(x)  τ̂   	 τ̂(u∗xu) = τ̂ (x)
 		 
 u ∈ F+N    u = v + αId  v ∈ FN  α ∈ C 
αα = 1  v∗v + v∗α + vα = 0 = vv∗ + v∗α + vα
  	 	
	
(v∗ + αId)(x + λId)(v + αId) = (v∗xv + v∗xα + v∗λv + v∗λα + αxv + x + αλv + λId)
= (v∗xv + v∗xα + αxv + x + λId)

 	 
  τ̂ 	
τ̂
(
(v∗ + αId)(x + λId)(v + αId)
)
= τ(v∗xv + v∗xα + αxv + x) = τ(x)
 		    		  τ∗ : K0(F+N ) → R   τ̂([x + λId] −
[y + μId]) = τn(x) − τn(y)       (x + λId), (y + μId) ∈ Mn(F+N ) !
K0(FN)   "	    π∗ : K0(F+N ) → K0(C) 
    
π : F+N → C            # $% 
  
  p   
  Mn(KN)   p ∈ Mn(FN)
 ! Mn(FN)    Mn(KN)     	 e ∈ Mn(FN) 
 
‖e − p‖ < 1
24
  
	 ‖e‖ < 2   
‖e2 − e‖ ≤ ‖e(e − p)‖ + ‖(e − p)p‖ + ‖p − e‖ < 1
4
  e  	     		  1/2 /∈ !(e)      

 e    
  ε > 0 
 
!(e) ⊆ [0, 1/2 − ε] ∪ [1/2 + ε, 5/4]
  
 f : R/{1
2
} → R  
f(t) =
{
0 t < 1
2
1 t > 1
2










sup{|f(t) − t| | t ∈ (e)} ≤ sup{1/2 − ε, 1/4}
 ‖f(e) − e‖ < 1
2
        
  
‖p − f(e)‖ ≤ ‖p − e‖ + ‖e − f(e)‖ < 1
 
 p 
 f(e)     
    !   
  u  
 Mn(K+N ) 	 
u∗f(e)u = p  "#$ %  
 4.1.7&     '
   	 




  		 "(( (&   {Bt}    	 
	 
  N 
  π(Bt) ∈
N/KN 
  	  t   0 = t0 < t1 < . . . < tn = 1    	 [0, 1] 
  	
 i ∈ {1 . . . , n}  
‖π(χ(Bt)) − π(χ(Bs))‖ < 1/2
	  t, s ∈ [ti−1, ti]    
  KN       
  
 
  	   {Bt} 








) − τ(N(pi−1) ∩ pi))
 pi = χ(Bti)

 		  
 






N(pn . . . p0) ∩ p0
) − τ(N(p0 . . . pn) ∩ pn)
!  
  	   
  
   
 	 
 {Bt} "  
  
#	         
    τ∗ : K0(KN) → R  )
 $     
 * +  , 
  - 	 
  	 	 

p ∈ KN  '
  	   . 
  		 ", - (( (&   (A, H,D)    
 
   
(N, τ) $
    
 A = A 	 A 
  
 C∗% &   	

	 
 {At}  N     
 
  	   t 
→ D+At :=
Dt 





    
   
    0
 
 
  	 1  
 	

 		   (A, H,D)    
 
    (N, τ) $

   
 A = A 	 A 
  
 C∗%   u ∈ A   $
Dt = (1− t)D + tu∗Du = D + tu∗[D, u]    
 






∂[π(pup + 1 − p)]) = τ(N(pup + 1 − p)) − τ(N(pu∗p + 1 − p))
KK  	
   	 	 			  
  τ∗ : K0(KN) → R   		
	 	 	   p = χ(FD)  
   





  i : B → KN     [u] ∈ K1(A)      
     		

    τ∗ : K0(KN) → R 	 








	     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 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    
  
  	
	  A  B  Z2 C
∗  
 AB	   

(ψ, V )     ∗		
	 ψ : A → L(E)!   E   !
  " B	!      
 V ∈ L(E)  
+&, ψ(a)(V 2 − 1) ∈ K(E)
+-, ψ(a)(V − V ∗) ∈ K(E)
+, [V, ψ(a)] ∈ K(E)
  a ∈ A    
 AB	    E(A, B)  	 (ψ, V ) ∈
E(A, B)      a(V 2 − 1) = a(V − V ∗) = [V, a] = 0

  











































  (ψ, V ) ∈ E(A, B)   

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 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  
  








     
 




  A  B 












 		 % /  17.6.5'    	
	
3*−1(A, B ⊗K) ∼= KK1(A, B ⊗K)
        ∗		
	 ψ : A → L(B ⊗K)   	 p ∈
L(B⊗K)     #  τ : a 
→ π(pψ(a)p) ∈ C(B⊗K)  	

   
 




A (B ⊗K)  (ψ⊗̂1, (2p − 1)⊗̂ε) ∈ E(A, (B ⊗K)⊗̂C1) 	
 ψ⊗̂1 : A → L((B ⊗K)⊗̂C1)
 ε = (1,−1) ∈ C1
     	
 	 
 
  [ψ, p]1  
  [ψ⊗̂1, (2p − 1)⊗̂ε] ∈
KK1(A, B ⊗ K) = KK(A, (B ⊗ K)⊗̂C1) 	







 ψ(a)(p2 − p) ∈ B ⊗K
 ψ(a)(p − p∗) ∈ B ⊗K
 [p, ψ(a)] ∈ B ⊗K
  a ∈ A





  A  D 
 

   B











⊗̂A : KKi(D, A) × KKj(A, B) → KKi+j(D, B)
#
    




   
 







 K1(A) = KK
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 
  (   
 
       	
K
 	
 	  
 




 A    C∗    KK1(C, A ⊗ K)  K1(A ⊗ K)
 		  		 	 	 
[MC, p]1 
→ ∂[π(p)]




   π : L(A ⊗ K) →
C(A ⊗ K) 	 
 
	
   ∂ : K0
(C(A ⊗ K)) → K1(A ⊗ K) 	 




	  ∂ 	
  

    [u] ∈ K1(A⊗K) 
 	
   	

q ∈ L(A ⊗K) 	
 ‖q‖ ≤ 1  

 [u] = [exp(2πiq)] $* ) 12.2.2&
	!	 
  KK(C, A⊗K)  K0(A⊗K)  		  		 	 	

[MC, V ] 
→ ∂[π(T )]












 ∂ : K1
(C(A⊗K)) → K0(A⊗K) 	 




 	  (A⊗K)⊕





 $ ) 17.5.5&

 A B  D 
 
 C∗
 	 A  D 

  B σ  #
 +
   
  
   
   
 
 (ψ1, V1) ∈ E(D, A) 	
ψ1 : D → L(E1)  
 (ψ2, V2) ∈ E(A, B) 	 ψ2 : A → L(E2)  




   	 	 			  
    	
 E = E1⊗̂ψ2E2        14.4   x ∈ E1 
    Tx ∈ L(E2, E) 
  Tx(y) = x⊗̂y   y ∈ E2     4.6
  	
	    	 F ∈ L(E) 
   V2	
  E1 
   
 x ∈ E1  
TxV2 − (−1)∂xFTx ∈ K(E2, E)
 ∂x 	 	   x 
 E1
   	        
	 





 #   C∗$  D      
  % 
   
      "   &	
 		     18.10.1 	 x = (ψ1, V1) ∈ E(D, A) 
	 V1 = V ∗1  ‖V1‖ ≤ 1
	 y = (ψ2, V2) ∈ E(A, B) 	 F   V2	
  E1 	 E = E1⊗̂ψ2E2 ψ = ψ1⊗̂1 :
A → L(E) 
V = V1⊗̂1 +
(
(1 − V 21 )1/2⊗̂1
)
F
 [V1⊗̂1, ψ(a)] ∈ K(E)   a ∈ A 	 z = (ψ, V ) ∈ E(D, B) 
 	 	
 	 	
 	  x  y 
 [x]⊗̂A[y] = [z] 
 KK(D, B)
'   	
   KK1  	     "   (	     	
	    & '     	     
 		 	 A  B   C∗  
   








0 2p − 1
2p − 1 0
)]
 	  ∗
 σ : A⊗̂C1 → L
(















  (B ⊗K) ⊕ (B ⊗K) 
 
  	 






*   K1  KK
1
	 '           ' *)

 	  	  		 
 		 	 A B  D   C∗ 
	 A  D   B
σ
	 	 [x]    
 KK1(D, A ⊗ K)    !    		 [x] 

	  	  








  ψ1⊗̂1 : D → L(E1)   E1 = (A ⊗K)⊗̂C1 	
   	
	 17.4.3   
 
 q = q∗   ‖q‖ ≤ 1
 [y]     KK
(
(A ⊗ K)⊗̂C1, B
) ∼= KK1(A ⊗ K, B)     
[y]   
  




  ψ2 : (A ⊗K)⊗̂C1 → L(E2)
 E = E1⊗̂ψ2E2  ψ = (ψ1⊗̂1)⊗̂1  F ∈ L(E)   V2  E1 
V = −( cos(πq)⊗̂ε)⊗̂1 + (( sin(πq)⊗̂1)⊗̂1)F ∈ L(E)
  [(
cos(πq)⊗̂ε)⊗̂1, ψ(d)] ∈ K(E)
  d ∈ D  (ψ, V )    DB       
   x  y   [ψ, V ] = [x]⊗̂A⊗K[y]
! 
 d ∈ D  

 ψ1(d)(q2 − q) ∈ A ⊗K 
  A ⊗K  
















cos(π)q − q + 1)
= −ψ1(d)(2q − 1)
  d ∈ D 
  


















    
 	




1 − ( cos(πq)⊗̂ε)2)1/2 = sin(πq)⊗̂1
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  sin(πq)⊗̂1 
  	   A  B  " C∗"   A   B σ
  [u] ∈ K1(A⊗K)     #  [u]    [MC, q]1 ∈
KK1(C, A ⊗ K)   q = q∗  ‖q‖ ≤ 1 $  [u] = [exp(2πiq)]    
 "
      u = exp(2πiq)  y = [ψ, p]1 ∈ KK1(A ⊗ K, B ⊗ K) 





pψ(u)p + (1 − p))] ∈ K0(B ⊗K)
  ψ  &  (A ⊗K)+  ∂ : K1
(C(B ⊗K)) → K0(B ⊗K)   
 
KK  	
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 
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ϕ : KK1(A ⊗K, B ⊗K) → KK((A ⊗K)⊗̂C1, B ⊗K)
 
   y 
 

ϕy = ϕ[ψ, p]1 = [σ, V2]
	 V2 =
(
0 2p − 1
2p − 1 0
)
 σ : (A ⊗K)⊗̂C1 → L
(
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 y  KK
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 	 [MC, q]1 ∈ KK1(C, A ⊗ K)    	
  [x] ∈ KK
(










(MC, (2q − 1)⊗̂ε) ∈ E(C, (A ⊗K)⊗̂C1)

 
      	
  z = [u]⊗̂A⊗Ky = [x]⊗̂A⊗Kϕy 
 E1 = (A⊗K)⊗̂C1
E2 = (B⊗K)⊕ (B ⊗K)  E = E1⊗̂σE2 
 	 	
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w : E1⊗̂σE2 =
(
(A ⊗K)⊗̂C1
)⊗̂σ((B ⊗K) ⊕ (B ⊗K))
→ (B ⊗K) ⊕ (B ⊗K) = E2

 
w(x1⊗̂σx2) = σ(x1)x2 x1 ∈ E1 , x2 ∈ E2





 wTx = σ(x) 




!	 w∗V2w ∈ E   V2










 (MC, V ) 	


V = −( cos(πq)⊗̂ε)⊗̂1 + (( sin(πq)⊗̂1)⊗̂1)w∗V2w ∈ L(E)
" (MC, V ) ∼u (MC, wV w∗)  
z = [MC, wV w∗] ∈ KK(C, B ⊗K)





































−iψ( cos(πq)) + ψ( sin(πq))(2p − 1) 0
)
∈ L((B ⊗K) ⊕ (B ⊗K))
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( − iψ( cos(πq)) + ψ( sin(πq))(2p − 1))] ∈ K0(B ⊗K)
"
 v = i exp(iπq) = i cos(πq) − sin(πq) # 
 v   
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(1 − 2q)(1 − 2q)) = π(1)
	 cos2(πq) − 1 ∈ A ⊗ K &		% sin(πq) ≥ 0   q = q∗  ‖q‖ ≤ 1 	 sin(πq) = (1 −
cos2(πq)
)1/2 ∈ A⊗K ' 
 % v cos(πq) ∈ (A⊗K)+ ( 
	 ψ(a)p−pψ(a) ∈ B⊗K
	  a ∈ (A ⊗K)+ 	
π
(
− iψ(v cos(πq)) + ψ(v sin(πq))(2p − 1))
= π
(





p − (1 − p)ψ(v sin(πq))(1 − p))
= π
(
pψ(−v2)p + (1 − p)ψ(v[−i cos(πq) − sin(πq)])(1 − p))
= π
(






( − iψ( cos(πq)) + ψ( sin(πq))(2p − 1))] = ∂[π(pψ(u)p + (1 − p))]
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